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Bases of the Steenrod Algebra L(2)

5 At right is shown
S
Milnor (Dual) ! % L(2) as a free module

Cohomology Operations

Let H"(X; R) be the nth degree cohomology of E.\{iPR% (Admissible)
the space X with coefficients in the ring R.

» A cohomology operation is a natural Using the Adem relations, any product Sq'Sq’ Milnor found that the Steenrod Algebra is a Hopf over A(1), as Welcher
transformation of cohomology functors, that is, =~ May be rewritten it ¢+ < 2j. Then the Adem algebra, with a commutative comultiplication. < Sq°Sq*  showed. We can
for m and n and rings R and S, a map basis co.nsists of Sq' - - - Sq*, 1j > 2t541. We Thus. the dgal Steenrod .Algebra is commutative, e’ show that: indeed,
©: H"(X;R) — H™(X:S) for each X, such may define L(k) to be the quotient of the and in fact is a polynomial algebra over .elements > L(2) considered
that the diagram below commutes for each Steenrod Algebra by the ideal generated by all ¢,. The duals of the monomials &6 - - -, as an A(Q) module
f XY Adem basis elements of length greater than k. denoted Sq(i1, 19, ...), form the Milnor basis. Sq*Sq’ has a filtration with
. o . *Sq! filtration quotients
HY(Y B) =S HY(Y:S) _ L o each cimensio
c_ . .
f f* Let P’ = Sq(0,0,...,0,2%), where the 2°isinthe The element P’ has degree 2°(2' — 1). If we (1) isomorphic to |
Hm(\)/( R) o . H”(;( 5) tth position. Pick any orderlng on the pairs (s,t); replace it by Sq28<2 ~1 " and use the reverse left >4 | | | A(Q)//A(O) V\_"th the
7 ? ; products of P? in that order constitute a basis. lexicographic ordering on (s + £, s), we get an excfeptlon of a single class in every dimension, and
» A stable cohomology operation of degree  The P; derives some convenient properties from analogue of the P basis which is monomial in the ° finite number of extra classes.
1 is a sequence of cohomology operations the dual basis, while also giving some tlexibility ~ 5q'; it describes certain ideals nicely like the 7 B B i ER T | Mo 1<
O:H"(X;R) — H"™(X;S) for each n which  in the choice of ordering, allowing it to describe = bases, but is closer to the Adem basis. It consists _
commute with the suspension isomorphism 2_: ideals nicely. of subproducts of - - - Sq*Sq"Sq'Sq°S’Sq . ’lc?] tth:hgefr'llira*lc'case' 'V\*lce hbthe ShtOJ\c’\l:”:céfse”t'a”y,”
I O  rrnail v " that the filtration exists, but not that it covers a
H(X; R) > H'(X5 5) StrUCtU re of the SUbalgebraS of L(k). In particular, we prove the commutation
Welcher showed that L(k) is a et e 1 e [len
VZ VZ free A(k — 1)-module, so |t IS Small A(T) o I)z/ _aS’(;WXYeWeSqWHQ“ Sq2n+1—1
O ‘ — ‘o :
H"(XX; R) s H"™(X X S) natuEaI)to con5|d(er>the structure s simple: it is spanned by Sq’ = 1 and I " n
of L(k) as an A(r)-module for S lq 1 _ S 0
q W|th Sq'Sq' = 0. It is shown as an A(0)- q w1 a1
The Steenrod Algebra any 7. In particular, it appears module above right. Each point represents an XoXnaSq ™" = XuSq™ "X,
The Steenrod Algebra A is the algebra of T _ _ s -
e cohormol SR that L(k) is built up out of the element of the (Adem) basis, and the thick Sq°Sq This allows us to show that the top class
y : T ’ 4Q,.1 5
stable cohomology operations from Z/2 quotient” algebras solid line represents the (left) action of Sq' (in °4°% +54 XoXporeo- Xpopn of A(r) /JA(r — k),

cohomology to itself. It is generated by operations A(r)/JA(r — k) (see below).

when multiplied by the basis elements

this case, on 1). To represent an A(1) module,  S¢?

> of ge.gree Z.SUCh. that, A(T)//A(T _ k) we use a thinner curved line for the (left) action Sq qurﬂmlsqumg - Sq” T for my > my >
> 5q s the |dent|ty of Sq”; \A(1) is shown below right. So we know Q0 - =My, produces a linearly independent set.
> Sq'(z) =2 if v € H'(X;Z/2) Consider A(r) asan A(r — k)-  Sq'Sq” = Sq® and S¢°Sq” = Sq*Sq* + Sq°. : We hope to show that these filtrations in fact
> Sq° (:E) 0ifx € H"X:Z/2), m <n module; note that we may also L(l) N cover all but some set of classes which has,
> Sq"(ry) = Z Sq'(z)Sq’ (). consider 5 to be an A(r — k)- 5" (1o far right is shown the small-degree > in the natural sense, lower dimensionality than
i+j=Fk | module, where the action of any  _|_ .. L(1) as an A(1)-module; it contin- Sa'Sq'+Sq’ L(k); so far we have been able to show this
The entire algebra consists of the Sq’ and their element except 1 is zero. Then seriodically upwards. Looking only at the only in specific cases, by finding the actual set
compositions, which satisfy the Adem relations: | we may define A(r)//fA(r — . | ines, as an A(0)-module, it is indeed NS of excluded classes in each case, but we hope to
e, L1 - k) to be the tensor algebra free, with basis Sq*. As an A(1)-module, it is >4 soon complete the general result.
Sq'Sq’ = Z (‘7 )Sql+]k8qk A(r) @ ar—1) Fa. | L _’ Q0
i 9k Al not free, but it is still built up out of copies of >4 Acknowledgements
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